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Abstract Fast estimation of point-source parameters for earthquakes has pro-
gressed much in recent years due to the development of broadband seismic networks. 
The expansion of these networks now provides the opportunity to investigate second-
order effects such as source finiteness for regional and local events on a routine basis. 
This potential motivates the development of methods to quickly generate synthetic 
seismograms for finite sources. This is possible when the fault dimension is small 
compared to the source-receiver distance and when the structure around the source 
region is relatively simple. To study the directivity for a finite source, we discretize 
the fault region into a set of elements represented as point sources. We then generate 
the generalized rays for the best-fitting point-source location and derive for each 
separate ray the response for neighboring point sources using power series expan-
sions. The response for a finite fault is then a summation over rays and elements. If 
we sum over elements first, we obtain an effective far-field source-time function for 
each ray, which is sensitive to the direction of rupture. These far-field source-time 
functions are convolved with the corresponding rays, and the results are summed to 
form the total response. A simple application of the above method is demonstrated 
with the tangential motions observed from the 1991 Sierra Madre earthquake. For 
this event, we constrain the fault dimension to be about 3 km with rupture toward 
the west, which is compatible with other more detailed studies. 
Introduction 
In recent years, due to the development of broadband 
seismic networks, the estimation of point-source parameters 
for earthquakes using regional records has been made faster 
and more reliable (e.g., Thio and Kanamori, 1995; Ritsema 
and Lay, 1995; Walter, 1993; Dreger and Heimberger, 1991; 
Patton and Zandt, 1991). Zhao and Heimberger (1994) de-
veloped a grid-search method to estimate point-source ori-
entation, depth, magnitude, and duration with broadband 
data. Scrivner and Heimberger (1994) recently utilized this 
technique in their preliminary work on developing an early 
warning system. However, synthetic fits to waveform data 
for many earthquakes could be significantly improved by 
adding directivity or fault finiteness, which indicates that 
source finiteness plays an important role for many moderate 
to large earthquakes. Thus, being able to quickly estimate 
such characteristics and generate synthetics for complex 
sources would be highly useful. Current methods used for 
generating responses from complex sources rely on direct 
summation of point-source responses or approximate reflec-
tivity approaches based on source decomposition (Saikia and 
Heimberger, 1996), which are both time-consuming pro-
cesses. Here, we introduce a method based on the general-
ized ray theory (Heimberger, 1983) to efficiently compute 
synthetic seismograms for complex sources. This technique 
can be applied to faults with small dimensions compared to 
the source-receiver distance, in regions where the structure 
around the source can be modeled as a layer of constant 
velocity. We apply this method to estimate the source di-
mension and general directivity of the 1991 Sierra Madre, 
California, earthquake. This event occurred in the middle of 
the TERRAscope array (Fig. 1) and was well studied {e.g., 
Dreger and Heimberger, 1991; Wald, 1992). The latter study 
used a large collection of local data, strong-motion, and te-
leseismic seismograms to establish rupturing to the south-
west. Comparing our results against this solution illustrates 
the usefulness of our new technique. 
797 
Method 
From the generalized ray theory (Heimberger, 1983), 
for a layered half-space, a generalized ray with ray parameter 
p0 is associated with the characteristic travel time, t0 , 
to = Por + 2: IJA, 
i 
(1) 
where r is the source-receiver distance, IJ; is the vertical 
slowness of the ray in each layer, and d; is the vertical dis-
tance of the ray segment in each layer. If the paths from two 
point sources are close, the responses at the receiver for the 
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Figure 1. Broadband stations (triangles) located in 
southern California. Stations used in this study are 
plotted as solid triangles. The source mechanism of 
the Sierra Madre earthquake, determined by Dreger 
and Heimberger (1992), is shown at the epicenter. 
two point sources are similar in shape and amplitude and 
differ primarily by a small time shift, dt0 (Heimberger et al., 
1992). As an approximation, we treat p0 as constant and use 
a Taylor-series expansion for t0 around the point-source po-
sition (r, h) to represent the time variance dt0. That is, 
i)to ato 
dt0 = - dr + - dh 
ar ah 
(2) 
with at0/ar = Po and at0/ah = - eqs, where e = 1 for down-
going rays and e = -1 for up-going rays. lis = [(1/v;) -
2] 112 • th . I 1 f h . Po ts e verttca s owness o t e ray p0 m the source 
region, and vs is the velocity in the source region. For a finite 
fault, we discretize the rupture region into a set of elements, 
each represented as a point source (Fig. 2). The total re-
sponse, s/f), at the receiver for a point-source j in the neigh-
borhood of the reference point source can be derived from 
that for the reference point source by summing the rays, each 
properly lagged in time. 
sit) = [ ~ R;(t - dt0ij) J * f(t). (3) 
R;(t) is the response for ray i for the reference point source, 
and ~; indicates summation over rays. If the point source is 
not a step dislocation, a far-field source-time function fit) is 
used, as in equation (3). Equation (3) is justified if we avoid 
source radiation nodes by omitting nodal stations. 
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Figure 2. Map view of a discretized fault. Rupture 
is simulated by a line source segment propagating 
perpendicular to itself. The rupture angle o, relative 
to the fault strike, is defined here to specify the rupture 
direction. When calculating the synthetic seismo-
grams, each element of the fault is represented by a 
point. sou~ce with a weighting factor wj•wj = 1 is 
used m this study. 
To illustrate that the Taylor-series expansion and the 
shift technique are reasonable approximations, we compared 
the point-source responses that are calculated with equation 
(3) for the standard Southern California model (SC, Table 1) 
and those calculated exactly (Fig. 3). Some of the more im-
portant ray responses for a source at a depth of 12 km are 
displayed in Figure 4. As the source changes depth, these 
arrivals interfere with each other, with the Love wave show-
ing the most variation, as displayed in Figure 3. The simi-
larity of these two sets of responses demonstrates that the 
timing of the individual rays is a more important parameter 
than the change in individual wave shape. 
For the finite fault, a time lag dTj is applied to each point 
source to simulate the propagation of the rupture front across 
the fault, and the total response S(t) at the receiver is the 
sum of those for all the point sources, 
S(t) = ~ wjsj(t - dT) 
j 
= t wj [ ~ R;(t - dt0ij - d1j)] * f(t), 
(4) 
where ~j indicates summation over point sources and wj is 
the weighting factor for point-source j, representing slip dis-
tribution on the fault plane (Fig. 2). If we generate and store 
the separate generalized rays for the best-fitting point-source 
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Table 1 
Model Parameters (After Dreger and Heimberger, 1991) 
ModelLOHSl 
VP (krnlsec) V, (km/sec) 
4.5 2.6 
5.9 3.5 
6.6 3.8 
8.0 4.1 
8.2 4.2 
*Z is the depth to the top of the layer. 
h=14.4 
d-196.4 
h-13.6 
d-197.6 
h-12.8 
d=198.8 
h-12km 
d-200km 
h=l1.2 
d=201.2 
h-=10.4 
d=202.4 
h-9.6 
d-203.7 
p (glee) Z*(km) 
2.4 0.0 
2.67 4.0 
2.8 16.0 
3.1 26.0 
3.3 30.0 
2.8e-4cm 
Figure 3. A set of point sources is used to simulate 
a linear rupture on a fault plane (strike 242°, dip 50°, 
rake 74°). Rupture starts at a depth of 14.4 km with 
a rupture angle 45°. Seven point sources on this line 
are selected here for comparison. Each dashed trace 
is the point-source response in displacement at the 
receiver for the given distance and depth. These point-
source responses are calculated independently and 
shifted properly to reflect the origin-time difference 
due to rupture, as in a conventional point-source sum-
mation procedure. Solid traces are point-source re-
sponses at the same receivers derived from the re-
sponse for the h = 12 km point source by lagging 
each ray properly to reflect the origin-time difference 
due to rupture and the travel-time difference due to 
varying point-source positions using the Taylor-series 
expansion approximation for t0• Crustal model SC 
(Table 1) is used for the calculations, and a far-field 
source-time function (0.2, 0.2 sec) is used for each 
point source. Seismograms are plotted on the same 
scale with the amplitude of the first solid trace shown. 
Model sc 
vp (km!see) v, (krnlsec) p (glee) Z(krn) 
5.5 3.18 2.4 0.0 
6.3 3.64 2.67 5.5 
6.7 3.87 2.8 16.0 
7.8 4.5 3.0 35.0 
Figure 4. (a) Paths of some of the important rays 
shown in (b). The star indicates the source, and the 
triangle, the receiver. (b) Ray responses (left column, 
displacement) and the corresponding unit-area far-
field source-time functions (middle column, with a 
different time scale). Each ray is convolved with its 
corresponding far-field source-time function, and the 
results (right column) are summed to form the total 
response (the right bottom trace) from the complex 
source. In this example, a 3-km-long line source seg-
ment propagates 2 km up-dip from a depth of 12 km 
at a constant velocity 3.0 km/sec on a fault plane strik-
ing 242° and dipping 50°. Source-receiver distance is 
200 km, and the station azimuth is 44°. Seismograms 
are plotted on the same scale with the amplitude of 
the first trace in each column shown. A far-field 
source-time function (0.1, 0.1, 0.1 sec) is used for 
each point source. Model SC (Table 1) is used. 
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location, we can then shift each ray accordingly and sum 
them to form the total response of a complex source, as in 
equation (4). 
Rearranging the summation, equation (4) can be re-
written as 
S(t) = 1 wj l ~ R/t) * J(t - dtou - dT)] * f(t) 
= ~ R/t) * ~ wj [J(t - dtou - dij) * f(t)]. 
i j 
(5) 
In this manner, we have defined a far-field source-time func-
tion 
Fi(t) = f(t) * ~ wjJ(t - dt0u - dij) (6) 
for ray i as the result of the rupture across the finite fault. 
Equation (6) is similar to equation (Al) in Langston (1978), 
except that the latter approximates dtou with an analytic ex-
pression that is appropriate for teleseismic rays. From this 
point of view, the total response at the receiver can be seen 
as the summation of all the generalized rays convolved with 
corresponding far-field source-time functions. 
In Figure 4b, a set of rays are selected to demonstrate 
the process of building the total response for a complex 
source via equation (5). Note that each ray, unlike rays from 
a point source, has its own individual source-time function 
dependent on its ray parameter. In this case of up-going rup-
ture, the source-time functions for down-going rays (e.g., 
SmS, SdS) have longer durations than those for up-going rays 
(e.g., sSmS, sSdS). Given the fault geometry and the faulting 
characteristics, one can generate synthetics in this way much 
faster than direct summation of point-source responses. In 
the next section, we will apply this technique to a forward-
search procedure to constrain the fault dimension and direc-
tivity. 
Application 
The simplest application of the above method is to es-
timate the source dimension and general directivity of an 
earthquake assuming models with no asperities. We applied 
our method to the 1991 Sierra Madre earthquake, which oc-
curred in the middle of the TERRAscope array and was well 
recorded at stations PFO, GSC, ISA, and SBC. Although we 
did not restrict the response S(t) in equation (5) to be the 
tangential motion, we will use only the tangential compo-
nents in this experiment to reduce the number of rays in-
volved for simplicity. We use the tangential components of 
broadband data from the four stations PFO, GSC, ISA, and 
SBC to estimate the fault dimension and the rupture direc-
tion. Broadband records of this event were inverted by Dre-
ger and Heimberger (1991) to obtain a point-source solution 
with strike 235°, dip 50°, and rake 74°. They used a trian-
gular far-field source-time function with a duration of 1 sec, 
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determined by measuring the width of the tangential com-
ponent directS-wave recorded at station PAS. 
We investigate the fault dimension and general direc-
tivity via a forward-search approach, using simple fault 
models of square faults with uniform slip. Using the Haskell 
model (Haskell, 1964), a finite fault is simulated with a prop-
agating line source with a constant velocity (Fig. 2). For this 
earthquake, a triangular far-field slip function of duration 0.1 
sec is used for the line source. We test faults of a range of 
dimensions. For each fault, the rupture angle is allowed to 
vary from 0° to 360° in increments of 15°. Synthetic seis-
mograms are generated for each station and compared to the 
data. The fitness of a certain source geometry, the fault di-
mension and the rupture direction, is judged based on the 
least-squares error between data and synthetics, defined as 
~s (~r It [obs(t) - syn(t)f dt 
Misfit = ----,---------~s (~r It obs(t? dt (7) 
where 2:s indicates summation over stations. Distance cor-
rection (rJr0)P is applied to give stations at different dis-
tance, rs, approximately the same weighting (Zhu and Helm-
berger, 1995). r0 = 200 km is a reference distance, and p 
= 1 is used in these tests since we are mostly dealing with 
Love waves. 
Figure 5 shows the misfit between data and synthetics 
as a function of rupture angle on the fault plane (strike 235°, 
solid circles) for selected fault sizes. Although the fault size 
varies significantly, these functions show similar patterns, 
and the indicated rupture direction is not strongly related to 
the fault size. For this test, the functions all have smaller 
values for rupture angles around 270°, which indicates rup-
ture downdip on the fault plane. The minimum misfit value 
for different fault sizes are at the same level, but the misfit 
function is more sensitive to the rupture direction for larger 
faults. If rupture is placed on the conjugate plane (strike 79°, 
open circles), smaller misfit values occur at the rupture an-
gles around 100°, which indicates rupture updip on the con-
jugate plane. In both cases, the horizontal component of the 
rupture is toward the northwest. Figure 6 shows the com-
parison between data and the best-fitting synthetics for these 
preferred fault orientations. Synthetics for Dreger and Helm-
berger's (1991) point source are also shown for comparison. 
These synthetics fit the data in shape reasonably well, but 
the amplitude variation is relatively large (about 40% ). In 
this respect, finite faults make better predictions than does 
the point source. In wave shape, synthetics for fault size 3 
X 3 and 5 X 5 km2 also fit the data better than the point-
source synthetics, especially for stations GSC and PFO. Nev-
ertheless, based on these misfit functions displayed in Figure 
5, it is difficult to determine the fault dimension without 
other data. However, other finite-source inversion studies 
usually assume additional constraints such as moment, 
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Figure 5. Misfit between data and synthetics as a 
function of rupture angle on the fault plane for dif-
ferent fault dimensions selected to model the 1991 
Sierra Madre event. Solid circles are for rupture on 
the fault plane, and open circles, the conjugate plane. 
Rupture velocity is 3.1 krn!sec. Stations GSC, PFO, 
SBC, and ISA are used, and the crustal model is SC 
(Table 1). The straight line in the 3 X 3 box indicates 
the misfit value for synthetics with Dreger and Helm-
berger's (1991) point source. 
which is determined by teleseismic modeling or long-period 
regional inversions (Wald, 1992). If we adopt Zhao and 
Heimberger's (1994) moment estimates of (3.0 ± 0.7) X 
1017 N · m, we can eliminate those fault dimensions greater 
than 5 km by assuming rupture velocities less than the shear 
velocity in the fault region. Smaller dimensions are still pos-
sible if we allow longer rise times for the line source, but a 
fault dimension of 3 km appears the most appropriate. 
As mentioned earlier, the Taylor-series expansion and 
time domain shift technique in our method is most appro-
priate for large source-receiver distance. For short distances, 
the ray parameter of a generalized ray from a point source 
to the receiver is subject to substantial change as the position 
of the point source changes on the finite fault. In Figure 7, 
we compare the synthetics calculated via our approximation 
and those calculated by directly summing point-source re-
sponses for a small source-receiver distance. In each group, 
the seismograms are aligned in absolute timing. The com-
parison indicates that the approximation yields a slight shift, 
delay in this case, of the main energy group. The overall 
wave shapes are simulated reasonably well, but some high-
frequency energy is lost due to the smoothing effect asso-
ciated with the approximation, especially when the rupture 
is toward the station (Figs. 7a through 7c). 
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Figure 6. Comparison between data and the best-
fitting synthetics for different fault sizes, for the 1991 
Sierra Madre event. Fault sizes are shown at the be-
ginning of each synthetic trace. "Pt_src" indicates 
Dreger and Heimberger's (1991) point source. The 
rupture angles used are the best ones found in the 
appropriate boxes in Figure 5. Synthetics are shifted 
in time relative to the data before computing the mis-
fit, and the amount of shift is shown in seconds. A 
positive number indicates synthetic shifting to the 
right. Seismic moments of 3.6, 2.0, 3.6, 4.6, and 5.6 
X 1017 N · m are used for the synthetics, respectively, 
as determined in the modeling process. Seismogram 
amplitudes are given in millimeters. 
However, since we are always using imperfect Green's 
functions in various modeling practice, the above inade-
quacy does not necessarily make the approximation unusa-
ble. In cases where the major concern is the wave shape, 
instead of timing or amplitude, as in the procedure described 
above, our rough approximation provides a fast means to 
calculate synthetics for complex sources. This encourages us 
to use local stations in the procedure to constrain the fault 
size and general rupture direction. In this test, we use crustal 
model LOHS1 (Dreger and Heimberger, 1991) and the tan-
gential motion observed at station PAS. For illustration, the 
synthetics for fault size 5 X 5 km2 and varying rupture an-
gles are compared with the data in Figure 8. Since the direct 
arrival (S) is by far the strongest pulse in the synthetics for 
local stations, unlike regional records, the various synthetics 
in Figure 8 are essentially different fits of direct S to the first 
pulse in the data. With the simple source model we are using, 
the far-field source-time function for direct Sis a trapezoid, 
and the search among different fault sizes and rupture direc-
tions is mainly a procedure to find a trapezoid with appro-
priate width. When the fault size is fixed at 5 X 5 km2, 
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Figure 7. Comparison between synthetics calcu-
lated with our method (upper traces) and those cal-
culated by directly summing point-source responses 
(lower traces) for a short distance (21 km). Fault sizes 
are given in kilometers. Point-source orientation is 
strike 235°, dip 50°, and rake 74°. Station azimuth is 
232°. Rupture angles are 45° for (a), (b) and (c) and 
225° for (d). Numbers at tbe end of each trace indicate 
relative peak amplitude. 
rupture angles around 0° (rupture toward the southwest) are 
preferred. At about 200° (rupture away from PAS), the code 
actually fits the direct S to the first two pulses in the data. 
Note that there is serious trade-off between the fault size and 
rupture angle in affecting the width of the source-time func-
tion of one ray. This is clearly seen in Figure 9, where the 
misfit between synthetics and data is shown as a function of 
the rupture angle. When the fault size gets smaller, the pulse 
width, thus the misfit function, becomes less sensitive to the 
rupture direction. The fault with a dimension of 1 km be-
haves like a point source, although we do see that, on this 
small fault, rupture toward PAS makes the directS pulse in 
the synthetics too sharp, and rupture away from PAS makes 
it too broad. The preferred rupture direction is actually updip 
or downdip. This trade-off between the fault size and the 
rupture direction can be avoided if better local-station cov-
erage is provided, or we can use the information we gain 
from the modeling of the regional records to constrain the 
fault size, as discussed above. With the fault size so con-
strained, local data are a better indicator of the rupture di-
rection, since it is dominated by fewer rays. 
In our next experiment, we combine the local data (sta-
tion PAS) with regional data (stations GSC and PFO) in the 
modeling process. Stations ISA and SBC were excluded since 
the problem with the Green's functions for these two stations 
are more severe than for the others (Heimberger et al., 1992). 
The misfit functions for different fault sizes are shown in 
Figure 10. Figure 11 displays the fits for the preferred ori-
entations. With these three stations, the misfit function is 
more sensitive to the fault size than in the previous experi-
ments, and a fault size of 3 km is preferred based on the 
misfit functions. The general trend of these functions looks 
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more or less like that in Figure 9 for station PAS only, even 
though we have applied the distance correction in the defi-
nition of the misfit function. This indicates that, for a given 
fault size, station PAS plays a dominant role in determining 
the general rupture direction, roughly westward in this case. 
In the neighborhood of this direction, the effects of the re-
gional records become important. 
Discussion and Summary 
In the study of finite faults, many parameters are in-
volved. In the above tests, we used simple square faults with 
fault orientation and rupture velocity fixed. Slip on the fault 
was also assumed to be uniform. In reality, one can either 
rely on other types of data to constrain parameters, such as 
fault orientation, total seismic moment, and rupture velocity, 
or one can develop more sophisticated inversion schemes to 
invert for these parameters together with the slip distribution. 
Considerable effort on the study of slip asperity has been 
made in the last decade (e.g., Hartzell and Heaton, 1983; 
Wald, 1992). With the approximations discussed in this ar-
ticle, the inversion for the weighting factors wj of individual 
subfaults (point sources) in equation (4) can be made faster. 
For the Sierra Madre earthquakes, we were not able to 
discern the fault plane from its conjugate plane. Our exper-
iments indicate that the vertical component of the directivity, 
i.e., updip or downdip rupture, is not well constrained with 
regional records. This is partially due to the fact that regional 
rays usually have large take-off angles that make them less 
sensitive to vertical component of the rupture (e.g., S, sss, 
SdS, Fig. 4). The rays SmS and sSmS would have the most 
power to resolve updip or downdip rupture, but the interplay 
between the down-going phases such as SmS and up-going 
phases such as directS and ss (Fig. 4) makes it more difficult 
to detect. Local data are more sensitive to the rupture direc-
tion for a given fault size, but adding just one local station 
(PAS) did not solve the problem. In the last experiment, the 
preferred rupture direction is westward and downdip on the 
fault plane or westward and updip on the conjugate plane. 
Note for a thrust or normal event, the fault plane and its 
conjugate plane have similar strike directions. When both 
planes have medium dip angles, which was the case for the 
1991 Sierra Madre earthquake, this type of source mecha-
nism is intrinsically more difficult, compared to other types 
of mechanisms, for any method using far-field data to dis-
tinguish rupture on fault plane or on its conjugate plane. 
With better station coverage and improved Green's func-
tions, the situation should improve. 
It is well known that the seismogram amplitude is a very 
important piece of information to use in the study of the 
source directivity (e.g., Kanamori et al., 1992). As discussed 
earlier, the amplitude ratio between the data and synthetics 
varies significantly from station to station (Figs. 8 and 11). 
Rupture on finite faults predicts these ratios better than does 
the point source. However, any significant station bias on 
the seismic moment would obscure the picture. In a study 
of the Landers sequence, Jones (1995) reported that the long-
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45 __}\_____ 135~ 225~ 3!s___/\..._ Figure 8. Comparison between data (PAS, 
tangential motion, the first trace in each col-
umn) and synthetics for fault size 5 X 5 km 
and varying rupture angles. Seismograms in 
each column are aligned in absolute timing and 
scaled with respect to peak amplitude. Num-
bers indicate rupture angles. 
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Figure 9. Misfit between data and synthetics as a 
function of rupture angle on the fault plane (solid cir-
cles) for different fault dimensions. Only the tangen-
tial motion at station PAS is used in this test. Open 
circles are for rupture on the conjugate plane. Rupture 
settings are the same as in Figure 5. Model LOHSl 
(Table 1) is used. The straight line in the 3 X 3 box 
indicates the misfit value for synthetics with Dreger 
and Heimberger's (1991) point source. 
period seismic moment for station GSC is consistently 
greater (by 20%) than for PFO. Song et al. (1995) also no-
ticed similar phenomena in their source study of the North-
ridge aftershocks. Thus, to reliably use the amplitude infor-
mation in directivity studies, such station bias needs to be 
established. Fortunately, with the expanding broadband net-
work, it will become possible to calibrate such effects for 
individual stations. 
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Figure 10. Misfit between data and synthetics as 
a function of rupture angle on the fault plane (solid 
circles) for different fault dimensions. Tangential dis-
placement data at stations PAS, GSC, and PFO are 
used. Open circles are for rupture on the conjugate 
plane. Rupture settings are the same as in Figure 5. 
Model SC is used for stations GSC and PFO. Model 
LOHSl is used for station PAS. The straight line in 
the 3 X 3 box indicates the misfit value for synthetics 
with Dreger and Heimberger's (1991) point source. 
In summary, we developed a numerical method based 
on the generalized ray theory to efficiently calculate syn-
thetic seismograms from complex finite-faulting processes. 
The approximations in this method are justified when the 
fault dimension is small compared to the source-receiver dis-
tance and when the structure around the source region is 
relatively simple so that the whole rupture region resides in 
804 X. J. Song and D. V. Heimberger 
Rupture on fault plane, 1i=34S0 Rupture on conjugate plane, li=1S0° 
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a constant velocity layer. This method is applied in a grid-
search approach to estimate the finite-source characteristics 
of the 1991 Sierra Madre earthquake with simple source 
models. Our results indicate westward rupture with a fault 
dimension of about 3 km, which are generally consistent 
with those of Wald (1992). Local data also proved usable 
and were particularly useful in our experiments. 
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